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Abstract 

We consider gauge theories in a String Field Theory-inspired formal- 
(j\ '■ ism. The constructed algebraic operations lead in particular to homotopy 

ri I algebras of the related BV theories. We discuss invariant description of 

the gauge fixing procedure and special algebraic features of gauge theories 
_ coupled to matter fields. 

m 

>. 

^ ■ 1 Introduction 

00 

^^ • The Loo algebras (or homotopy Lie algebras) [1] first entered physics in the con- 

text of study of higher-spin particles [2]. Soon after that, the same structures 
appeared in the mathematical treatment [3] of the Batalin-Fradkin-Vilkovisky 

[~^ I approach [3] (see also [S], [5]). In the beginning of the 1990s, these generaliza- 

^^ i tions of Lie algebras appeared in Zwiebach's formulation of the closed String 

Field Theory (SFT) [7j. Namely, the homotopy Lie algebra was the algebra of 
. gauge symmetries of the theory. The action for closed SFT was given by the ho- 

rS I motopic generalization of the Chern-Simons theory [H]-[TT], and was represented 

c5 ■ as H: 

-| oo n—2 

S=-{^5J,Q^5I) + J2^{^,...,^}, (1) 

71 — 3 

where Vf is a string field, {•, .... ■} = (•, [•, ...., •]) and [■, ..., •] generate, together 
with the nilpotent operator Q, the Loo algebra, and (•, •) is an inner product. 
The equation of motion for such an action is the Generalized Maurer-Cartan 
equation associated with this homotopy Lie algebra: 

Q* + E^[*--*]=0- (2) 
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A similar action appeared in open SFT [13]- [H], but there, the algebraic struc- 
ture was based on the A^a algebra. 

In |20| , we considered formal Maurer-Cartan structures which appear natu- 
rally in the study of the deformation of the string theory BRST operator [TH] 
in the case of conformal field theory corresponding to open and closed strings. 
In the open string case, we were able to build the bilinear operation acting on 
string theory operators, which has a form of regularized commutator 

(here V stands for the projection on the e-independent part, (j)^^\ 4' ^re vertex 
operators on the boundary of the worldsheet and n^, n^ represent their ghost 
numbers) such that the resulting generalized Maurer-Cartan equation 

[QbrstA^°A + lR{<t>^'\4'^'^) + ... = (4) 

(where Qbbst is the usual BRST operator for open string) for appropriate 
choice of operator 0^"^ of ghost number equal to 1, leads to Yang-Mills equations 
up to the second order. Symmetries of the equation Q 

^(0) ^ ^(0) + eilQBRST, A(")] + i?(0W, AW) -I- ...), (5) 

where A*-*^^ is some operator of ghost number 0, reproduce the gauge symmetries 
of the YM system. However, it was not clear how to build the third order 
operation on the conformal field theory level. Nevertheless, it was possible to 
do the following. First, to shorten the BRST complex of open string, leaving 
only operators, corresponding to the light sector. The shortened BRST complex 
actually coincides with the following complex of differential forms: 

o^gi^nl^nl^^^nl^^nl^o, (6) 

where 17* is the space of g-valued (g is a reductive Lie algebra) differential forms 
of degree i, d is a de Rham differential and * is a Hodge star. After that, one 
can explicitly construct the third order operation on the resulting shortened 
complex. This was done in [17], [18]. There we found that one can define this 
trilinear operation [•, •, -J/i on the shortened BRST complex {J-',Q) in such a 
way that {T',Q) together with [•, ■]h, [■, ■, ■]h (where [•, ■]h stands for operation 
R) forms an Loo algebra. The other possible n-linear operations are set to be 
equal to zero. 

This hidden nontrivial homotopy Lie algebra structure inside (nonabelian) 
Yang-Mills theory allowed us to express the Yang-Mills action and its BV ex- 
tension in the form ([T]). The gauge symmetries were shown to coincide with 
the symmetries of the corresponding Maurer-Cartan equation, which in turn 
coincides with the equation of motion in the Yang- Mills theory. 

In [18] ■ we emphasized the algebraic similarity between the ordinary 3- 
dimensional Chern-Simons theory and the Yang-Mills theory (this is due to 
the fact that the de Rham complex in three dimensions is as short as ([6])). In 



section 2, we quickly review the results of TT and [TB' which led to the Loa 
algebra of the pure gauge theory. 

The aim of this paper is to extend the complex ^ and therefore its algebraic 
structures in order to include other fields which interact nonlinearly, but obvi- 
ously in a gauge-invariant way with the nonabelian Yang-Mills theory. However, 
before that, in section 3, we introduce a construction, in addition to those con- 
sidered in [18j . which is necessary for the quantum theory. Namely, we discuss 
the gauge fixing procedure for the Yang-Mills action. We extend the complex 
(O by adding the spaces corresponding to the antighost field and its antifield. 
In this way we arrive at the elegant formula (|^5)) using the decomposition (|^^ , 
which describes on an algebraic level the Yang-Mills theory in the Lorenz gauge. 
The construction is closely related to what is known as the Siegel gauge in open 
SFT [21]. Moreover, in subsection 3.3, we give some nontrivial extensions of the 
Loo algebra on this extended complex, using the data of bilinear operation from 
[20] based on the operator product expansion. This homotopy algebra turns 
out to be very unusual and strange from the field theory point of view, since it 
has no invariant inner product unlike Loo algebras related to the BV formalism. 
Therefore, the field theory interpretation of this extension is not yet clear. 

Sections 4 and 5 are parallel: we consider the homotopy algebras related to 
the Yang-Mills theory with matter (scalar and spinor) fields. 

In section 4, we consider our first example of matter fields entering the 
theory. Namely, we consider the scalar field which takes values in the adjoint 
representation of g interacting with the Yang-Mills field. We show that one can 
generalize the bilinear and trilinear operations in such a way that it allows to 
express this theory in the same homotopy Chcrn-Simons form. 

Section 5 is devoted to the Dirac fermion field interacting with a gauge field. 
This theory turns out to be poorer in the algebraic sense. In order to describe 
its homotopic structure, one just needs to generalize only the bilinear operation, 
but the 3-linear one is set to be equal to zero when one of the arguments belongs 
to the extension of the complex ^. It is possible to gues that from the nonlinear 
structure of the interaction term (it is cubic: quadratic w.r.t. the fermion field 
and linear w.r.t. the gauge field). 

It should be noted, that the local version (when all the fields are constant) 
of Loo algebras, corresponding to the Yang-Mills theory was considered in [T2] . 

One should also note that since the original paper [10], where the abstract 
statement about the relation between the BV formalism and Loo algebras was 
given, there has been a lack of consideration of explicit field theory exam- 
ples. Namely, except for Il\ the explicit examples were different versions of 
the Chern-Simons theory only, where the algebraic structure is given by the 
simple graded differential Lie algebra, which is a very particular case of Lqo 
algebra. We hope that here we partly fill this gap. 

In the last section, we bring up some open questions and discuss possible 
ways to give a homotopy description of Gravity. 



2 The Loo algebra and the (BV) Yang-Mills the- 
ory 

In this section, we specify the notation and give a short overview of the resuhs 
obtained for the pure Yang-MiUs case in [IT], [18] . 

2.0. Notations. In this paper, we wiU encounter two bihnear operations [•, •], 
[•, ■]h. The first one, without the subscript, denotes the Lie bracket in the given 
finite-dimensional Lie algebra q. The second one, with subscript h, denotes the 
graded antisymmetric bilinear operation in the homotopy Lie superalgebra. 

We will use three types of operators acting on differential forms with values 
in some finite-dimensional reductive Lie algebra g. The first one is the de Rham 
operator d. The second one is the Maxwell operator m, which maps 1-forms to 
1-forms. If A = A^dx'^ is a 1-form, then 

mA = *d*dA = {d^,d''A^-d^df,A'')dx'', (7) 

where indices are raised and lowered with respect to the metric 77^". The third 
operator maps 1-forms to 0-forms, this is the operator of divergence div. For a 
given 1-form A, 

dWA = *d*A^d^,A''- (8) 

For 0-valued 1-forms, one can also define the following (anti)symniGtric bilinear 
and trilinear operations: 

{A,B) = *{A,*B)k = {A^,BnK, 

{A, B} = *[B, *dA] + *[A, *dB] + *d * [A, B] (9) 

A-W = *[A,*W], 

{A, B, C} = *[A, *[B, C]] + *[C, *[A, B]] + *[B, *[C, A]], (10) 

where (•, ■)k is the canonical invariant form on the Lie algebra g. 

2.1. The Yang-Mills chain complex. Now we will give the explicit realiza- 
tion of the chain complex 

^ ^ f]0 i f]i J^ f]i i^ f]0 ^ (11) 

considered in the introduction, which will explain its relation to the string the- 
ory. In particular, this will give an embedding of (jlip into the superspace with 
natural grading. In order to do this, we introduce odd variables c±i, cq and D 
(D is the dimension of the space-time) even variables q'^, fi = 0, ...,D — 1. Let 
us consider the space J-g , spanned by the elements of the following kind: 

Pu = u{x), (f>A = -iciAf_,{x)q'' - cadfj^Af^ix), 

ipw = -iciCoWf,{x)q>^ , Xa = 2ciCoc_ia(a;), (12) 



which are associated with 0-forms u, a and 1-forms A, W. The grading in this 
space is given by the number of odd c-variables (known as ghost number) and 

can be reaUzed by means of the operator Ng — X]"=-i ^"af~- ^^ ^^ '^^^y ^^ ^^^ 
that the space under consideration is invariant under the action of the following 
operator: 
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where the space J-'t [i — 0, 1, 2, 3) consists elements of ghost number i. There- 
fore, we see that complex {T* Q) gives a realization of the complex pT|) . In the 
following we will refer to pT|) and {J-* , Q) as the Yang-Mills chain complex. 

Next, we define the inner product on the chain complex J-^. Let '^ = pu + 
(pA + V'u + Xa and $ = pt, + 0b + '*/'v + Xb- The inner product is given by the 
following formula: 

(*,$) = 
f d^a;((A, V)(x) + (U, B)(a;) - 2iu{x),b{x))K - 2{a{x), v{x))k). (16) 

This product has a very important property which shows how it behaves under 
the action of the differential Q. 

Proposition 2.1. [T^ Let^, ^ G J^g 6e of ghost numbers n^, n,f . The following 
relation holds: 

(Q$,*) = -(-l)"*"*(g*,$). (17) 

2.2. The Yang-Mills L^o algebra. First, we define the graded antisymmetric 
bilinear and trilinear algebraic operations which generate the homotopy Lie 
algebra. 

Definition 2.1. |17|.|18j We define the graded (w.r.t. to the ghost number) 
antisymmetric bilinear and trilinear operations 

[•,•]. :.F;®J^-^.F;+-'-, (18) 

[•, •, ■]h -.Tl^Tl® T\ ^ ^^+^+'=-1 (19) 



^This operator is the reduction of the usual BRST operator in the open string theory: c„ 
correspond to the modes of c-ghost, the derivative with respect to cq is simply the 0-th mode 
of 6-ghost. 



by the following relations on the elements of J-^ : 

[pu, Pv]h = '2piu,v], [p«,0a]/i = 20[„^A], [p«,V'w]h = 2(/)[„^w], (20) 

[0A, (t)B,(t)c]h == 2V'{A,B,C}, 

where p„, p„ ^ ^s' '^^' '^^' '^•^ ^ -^s' ^'^ ^ -^s' ^^ ^ -^s '^"'^ ^'^^ trilinear 
operation is nonzero only in the case when all arguments belong to Tl^. 

Remark. One can see from the Definition 2.1. that in the most of cases bilinear 
operation reduces to the commutator of the corresponding g- valued differential 
forms (we see that for example p can be interpreted as a Lie morphism (up to 
a factor of 2) and (j) is map of Lie modules.). The only "nontrivial" case, which 
prevents [•,-]h to satisfy the Jacobi identity (see below) is the one restricted to 

In the next proposition, we explicitly write down the relations of the homo- 
topy Lie algebra corresponding to these operations. 

Proposition 2.2. p. 71 Let ai,a2,a3,6, c G Tq be of ghost numbers Ua-^, f^a2; 
Ua^, Ub, Uc respectively. The following relations hold: 

Q[ai,a2]h = [Qai,a2]h + (-l)""i [ai, Qa2];i, 
Q[ai,a2,a3]h + [Qoi, 02, a^lh + (-l)"°i [oi, Qfla, a^lh + 
(-l)""i^"''^[ai,a2,Qa3]/i + [«!, [a2,a3]h]h - [[»!, 02]/!, asl/i - 
(-I)"»i"»2[a2jai,a3]„]^ = 0, 

[^[«i, "2, «3]h]h -(-!)"'("- +"-+"-^K,[«2, "3, ^>]/J/.+ 

(-l)"-'"''+"-^[a2,[6,ai,a3]/.]/.-(-l)"-^"-+"-+"^^[a3,[&,ai,a2]/.]h 

= [[6, ai]h,a2,a3]h + (-l)""i"''[ai, [5, 02]/!, as],, + 

(_!)("., +no.K[a^,a2, [5,03]/.]/.. (21) 

Remark. The relations in the Proposition 2.2. can be described in the following 
way. The first one expresses the fact that Q is a derivation for the bilinear 
operation [•, ■]h. The second relation is the homotopy Jacobi identity for [•,•]?!, 
i.e. [■,-]h satisfies the Jacobi identity up to homotopy given by the trilinear 
operation [■,■,■];!. The third relation gives the "higher" Jacobi identity between 
bilinear and trilinear operations. 

In order to rewrite the Yang-Mills action in the Homotopy Chern-Simons form, 
we need to define the following multihnear forms (see e.g. [31], [7] and references 
therein). 

Definition 2.2. For any ai, 02, 03, 04 € J-g, one can define the following n- 
linear forms (n— 2,3,4) 

{■,...,-}h:Tg®...^Tg^C (22) 



in the following way: 

{ai,a2}h = (Qai,a2>, {ai,a2,a3}/j = ([oi, a2]/i, as), 

{ai, 02, 03, 04}^ = ([fli, 02, 03]^, 04). (23) 

These bilinear operations satisfy the foUowing property (see e.g. [32].[7]V 

Proposition 2.3. The multilinear products, introduced in Definition 2.2., are 
graded antisymmetric, i.e. 

{ai,...,aj,aj+i,...,a„}/i = -(-l)""'"'''+i {ai, ..., aj+i,ai, ...,a„}/i. (24) 



2.3. The (BV) Yang-Mills as a Homotopy Chern-Simons. Now we are 

ready to formulate the physical applications of the formalism we considered in 
the first two subsections. Namely, first we rewrite Yang-Mills equations as gen- 
eralized Maurer-Cartan equations for the Loo algebra, considered in the previous 
subsection. 

Proposition 2.4. [17], [18] Let (pA be the element of T^ associated with 1-form 
A = A^dx^ and pu he the element of T2 associated with a Lie algebra-valued 
function u{x). Then, the Yang-Mills equations for A and its infinitesimal gauge 
transformations 

*d * F -K [A, F] = 0, F = dA + A A A 

A^ A + e(du+[A,u]) (25) 

can be rewritten as follows: 

Q(f>A + ^[(/'a,0a];7 + :7y[(/'A,0A,0A]h = 0, (26) 

't'A ~* (t)A + -z{QPu + [(l)A,Pu]h)- (27) 

Therefore, the Yang-Mills action can be reformulated in the Homotopy Chern- 
Simons form. 

Proposition 2.5. The Yang-Mills action 

Sym - l/2jd''x{F^,{x),F^''{x))K (28) 

can be written as follows: 
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n 

n=2 



-((3(/)A,^a) - g{<?!>A,^A,0A}/i - ^{(/'A,(AA,0A,(/'A}h- (29) 



Our next task is to represent the Batalin-Vilkovisky version of the Yang- Mills 
action in the same way. 

In order to introduce ghosts, antifields, i.e. the fermion degrees of freedom, 
we consider the tensor product of our chain complex [T'^.Q) with some Grass- 
mann algebra A: A = (Bi^iA\ If A* € A* and A^' e A\ then A^A^ = {-Xy-^VW 

Moreover, we introduce the following notation: if A e A% we will say that 
A is of target space ghost number i. Therefore, it is reasonable to introduce 
the gradation w.r.t. the total ghost number, which is equal to the sum of the 
worldsheet ghost number, generated by the operator Ng and this target space 
ghost number on the space Tig = J-^ ® A. Hence, if the element $ e 7i" (i.e. 
of total ghost number n), which is written in the form ^^ $s ® £,s such that 
$s G J-Q of ghost number n™ and ^^ G A of ghost number n* , then n"^ +n\ = n 
for all s. In the following, to simplify the notation, we will refer to the total 
ghost number simply as the ghost number. This way, one can consider a new 
infinite chain complex (Ti^, Q): 

where Q denotes the action of Q (8) 1. The space Hg — ©iezHg of this complex 
is therefore generated by the elements of the form p„, (/)a, tp'w, Xa, which are 
associated with the functions and 1-forms, which take values in. g^ A. We can 
extend the algebraic structures, defined for the complex J-g in section 2, to the 
space of the complex Tig. For example, one can extend the operation (•, ■) to 
be graded symmetric on the space Hg with respect to the total ghost number. 
However, then it will take values in A [TBI. 

Now we show that the BV Yang-Mills action can be rewritten as a Homotopy 
Chern-Simons action. 

Proposition 2.6. Consider $ — <I>(a;,a;*, A, A*) G Hi such that 

$(c^,c^*. A, A*) =p^ + ^A- ^A- - l/2x^-. (31) 

Then, the Homotopy Chern-Simons (HCS) action 
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^HCS 

n\ 



-\{Q^, $) _ !{$, $, $}^ - 1{$, $, $, $}, (32) 

coincides with the BV Yang-Mills action 

Sbvym = 'S'i'A/[A] + (33) 

2 fd^'xid^x) + [A^{x),u;{x)],A*^{x))k - {Hx),u;ix)],uj*{x))K). 



Remark. The field oj is usually called the ghost field and the fields A*, lu* are 
called antifields of the gauge field and the ghost field correspondingly. 



3 Antighost and Gauge Fixing 

3.1. The Yang-Mills complex with antighost field. Let us consider the 
elements (pa and ipb, related to g- valued functions a{x) and b{x): 

4>a = coa{x), Tpb = 2cic_i&(x) - 2iciCodi_Mx)q'^ (34) 

such that 

Q^l^a = V-a, QA = 0. (35) 

Let us define the spaces Q^ elements of type 0a and Q^ elements of type V'b (the 
superscripts are given in accordance to the values of the grading operator) . In 
this way, we get the complex {Q' , Q): 

O^Gl^ Gl ^ 0. (36) 

Therefore, one can define a direct sum of the appropriate complex with the 
Yang-Mills one: 



0-fl-^.",^^.^^^4^^.^,-0 (37) 



such that 



Hg^^i (J = 0,3). (38) 

In other words, ([55)1 together with P^ . (jlSp gives a realization of the following 
extension of the Yang-Mills complex: 

e e 

— ^f}0^1^r)0 — ^0 

We will refer to this complex as the Yang-Mills complex with antighost (below 
we will show that the elements of the lower subcomplex are related to what is 
known as antighost and its antifield) and denote it as (^q„, Q). Using the anal- 
ogy with BPZ inner product, one can define the nondegenerate inner product 
on this complex such that it is invariant under the action of the operator Q, as 
in Proposition 2.1. Namely, for two elements ^ = pu + 4>a + 4'a + V'w + V'b + Xu 
and <!>' = p„' -I- ipA' + 4>a' + i>^^^' + "06' + Xv' , the inner product is given by: 

($, $') = / d^a;((A, W){x) + (W, A')(a;) ^ (39) 

2{u{x),v'{x))k - 2{v{x),u'{x))k ~ 2{a{x),b' {x))k ~ 2{b{x) , a' (x)) k ■ 

One can easily generalize multilinear operations [•, ..., ■]h in such a way that they 
are zero when one of the arguments belongs to G^ . Similarly one can generalize 



the definition of graded antisymmetric multilinear forms {•,..., -j/i by means 
of the inner product ([39]). In the next subsection, we will use this extension 
of Yang-Mills homotopy algebra in order to define the gauge fixed Yang- Mills 
theory. 

3.2. The gauge fixing operator and BV Yang-Mills. One can define a 
nilpotcnt operator which acts "backwards" w.r.t. the action of Q and has zero 
cohomology. Namely, this operator is b = \^r- Its action on the elements of 
J^ag is as follows: 

hpu = 0, b0A = --^PdivA, b0Q =: -pa, (40) 

bf/'W = ■^('/'W + 0divw), bV-'h = -0db - 00^9^6, bxi, = --tAi, + V'd-u- 

Moreover, the following relation holds: 

[Q,bH-A = 0, (41) 

where A — d^d^ is a Laplacian. Therefore b is a contracting homotopy for A 
and we obtain the following proposition (cf. the standard Hodge decomposition 
for differential forms). 



Proposition 3.1. The space of complex {J'aqTQ) decomposes into the direct 
sum,: 

^ag = ©Lo-^L = Imh © ImQ © JCerA. (42) 



As in the case of the Yang-Mills complex, one can consider the complex 
(J-L'ag^ Q), where H^g = T'^g ® A, Q acts as Q © 1 and A is a Grassmann algebra 
with grading, which corresponds to the target space ghost number. The Maurer- 
Cartan element in 7-^^ (the element of total ghost number 1) is: 

$ag - Pu. + 4>0' + 0A - l/SV-cD ^ ^A- - l/2x^- , (43) 

where ijj{x) is of ghost number equal to —1 and is called the antighost field [22] . 
Here tD*(x) is its antifield of ghost number zero, which is sometimes called the 
Nakanishi-Lautrup field. It is easy to check that the following proposition holds. 

Proposition 3.2. The condition b$ag = gives the following relations between 
fields and antifields: 

Lu* ^ divA, A* = dw, to* = 0. (44) 



Remark, (i) The condition h^ag = is equivalent to the condition ^ag G Irnh 
due to the fact that this operator has zero cohomology when acting on the space 
of the complex {H'ag , Q) ■ (ii) This condition in terms of fields and antifields 
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corresponds to one of the most popular choices of the Lagrangian submanifold 
w.r.t. the Yang-Mills BV structure, namely the Lorenz gauge condition. 

If we plug ^ag into the homotopy Chern-Simons action: 



1, > 1 

1 

4! 



{^ag,'i>ag,'i>ag,^ag}h, (45) 



we find that it is equivalent to 

Sncsi'^ag] = Sbvym{co,A,A*,u;*) + (lD*)^. (46) 

Therefore, with the condition h^ag = 0, (I45p looks as follows: 

^BVYM = i'^'^) 

which coincides with the Yang-Mills gauge fixed action in the Lorenz gauge. 
Thus the generating functional for the quantum theory should be written in 
such notation as: 

Z[J]= [ [d$ag]e-^«^^[*-l+<*"-^^ (48) 

3.3. A nontrivial generalization of the Yang-Mills Loo algebra by 
means of antighost fields. In the previous subsection, we used the simplest 
possible generalization of the Yang-Mills homotopy Lie algebra for the complex 
{J-g^„,Q). Namely, we considered multilinear operations to be equal to when 
one of the arguments belongs to the complex {Gg,Q)- 

However, the construction of the bilinear operations in the case of the usual 
Yang-Mills chain complex was based on the algebraic operation constructed 
from OPEs of certain operators in boundary CFT of open string theory [50] ■ In 
our case, let us consider the operators 

0W=aca(X), cf>^^'>=cd^cb{X), (49) 

where c is the c-ghost from the string b-c system [2X, and X is the usual string 
coordinate. These operators can be identified with the elements 0a = coa(a;) 
and ip'ij = 'ipb — SV'dft = 2ciC-ib{x) from the complex (^„,Q). Let us neglect 
the explicit dependence of a' in the operator product expansion, namely we put 
a' = 2. Then, considering the bilinear operation of [20] acting on operators, 
corresponding to states from (J-'^ ,Q), one can see that the contribution of 
elements from {G„,Q) becomes nontrivial. Then, as before, one can construct 
a trilinear operation on {J'aqiQ) in order to make the relations of L^o algebra 
hold. The result can be summarised as follows. 
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Definition 3.1. (i) We define a graded (w.r.t. to the ghost number) antisym- 
metric bilinear operation 

[■.■]H:Kg®Hs^KV^ (50) 

by the following relations (accompanied with those of Ii20\) ) on the elements of 

-Tag- 

[Pu, (f>a]h = '2(t)[u^a], [Pu,^l]ft = ZV-'^^^j], [(l>A,(f>a]h=2'lp[A,a], 
[^AiV'al/i = 2x*d[*A,a] + *[A,*da], [ipW , (f>a]h = 0, [(/)a , ^hl/i = 0. (51) 

(ii) The graded (w.r.t. to the ghost number) trilinear operation on Tag 

[•, •, ■]h : Kg ® Hg ® ^ag ^ K^g'^""-' (52) 

is defined to be nonzero either if all three elements belong to T^ as it was in 
\2(A) or if two of the arguments belong to J-^ and the third belongs to Q'^ : 

[(t>A: 0B, V'al'i = 2x*[A,*[B,a]] + *[B,*[A,a]]- (53) 

The following proposition shows that these operations generate the L^o algebra 
on Tag. 

Proposition 3.3. The extension of bilinear and trilinear operations given by 
the relations ^51\). \5SI\) provides that these operations satisfy the homotopy Lie 
algebra relations i21\} on the elements of the complex {Ta„,Q). 
Proof. First, we will prove the relation 

Q[ai,a2]h = [Qai,a2]h + (-l)""i [ai, Qa2]h- (54) 

We have already proved it for ai, a2 G Tg, so we need to check only the cases 
when at least one of them belongs to Qg. So, let ai = pu, 02 = (j)a- Then 

[QPu, 4>a]h + [Pu, Q4>a]h = 

[20d„, (l)a]h + [Pu, Ip'a + 2-0da]h = 4V'd[u,Q] + 2V'[„,a] = 2(90[„,a] = 

Q[Pu,(t}a]h- (55) 

For fli — Pu, 02 = ipa, we have: 

[QPu,1p'a]h+ [Pu,Qll''a]h = 

2Q[pu,ib'a]h. (56) 

Let ai = 0A, 0,2 — 4>a- Then 

Q[(l>A-,4>a]h = 2(5'i/;[A,a] = -2Xdiv[A,a] , 

[Q0A, 4>a]h - [4>A,Q4'a]h = [2^mA, 4>a]h - ['/'mA, Ipa + '2i^da]h = 

-2xgM[A,,,a] = -2Xdiv[A,a]- (57) 
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For all other possible values of ai , 02 , the relation ([M]) is trivial. Another relation 
we need to check is: 

Q[ai,a2,a3]h + [Qai, a2, 03]/! + (-l)"°i [ai, Qa2, aa],^ + 
(_l)"ai+"a2 [ai, 02, Qaa],^ + [oi, [02, ag],!]^ - [[01,02]/!, 03],^ - 
(-I)«»i""2[a2,[ai,a3]„]^ = 0. (58) 

First, we consider the case when oi = 0a, 02 = "/"b, 03 — 4>a- We see that 

[0A, [0B, 0a]/i]h - [[0A, (?!>b]/i, 4>a]h + [(/iB , [0A, 0a]ft]/i = 
-2X[Af,JBf',a]] + [Bj,,[Af,a]]- (59) 

At the same time 

[0A,0B, Q0a]/i = [0A,(/'B,'0a]'i = 2x[A,, JBf ,a]] + [B,,,[yl*' ,a]] ■ (60) 



Therefore, the relation ([58]) holds in this case. The only nontrivial possibility 
for the values of Oi is as follows: oi = p„, 02 = t/fA, 03 = </'a- In this case, let us 
write down each term separately: 

[Pu, [0A, V'l]/i]/i = 4X[«,9f'[A^,a] + [A*',a^a]], 
[[P«,0a]/i, V'll/i = 4xSA'[n,[A!,,a]] + [[«,AA'],a^a], 

[0A, [(?!>u,'0l]/i]/i = 4xef'[A^[„,Q]]+[AA',aj,[n,a]]- (61) 

Now, taking the sum of these terms with the appropriate signs, we find: 

[Pu, ['f>A,->P'a]h]h ~ [[Pu,(f>A]h:i''a]h " [0A, [K , i^'aW = 
-^X\Ai^\di^uM\\ + \di^u\Ai^,a\\ = -[QPu,0A, V"!]/!- (62) 

Thus, in this case, the relation ((58|) is also proven. For all other values of 
01,02,03 we did not check, the relation (j58p reduces to the Jacobi identity and 
it is easy to see that it is satisfied. The same applies to 

[6, [01,02, 03] ;i];i = [[6,01]?,, 02, 03]/! + (-l)"''i"''[oi, [6, 02];i,03];i + 

(-l)^"-+"-^"nai,a2,[6,a3],],, 

[[oi,02,03],,,6, c],, = 0. (63) 

Thus the proposition is proven. ■ 

However, this extension has one huge disadvantage. If one builds the multilin- 
ear forms {■,..., -j/i by means of the inner product ([39)) . one finds that these 
forms are no longer graded antisymmetric. Therefore, one cannot build the 
homotopy Chern-Simons action (since in order to vary the action successfully, 
the multilinear forms need to be graded antisymmetric). At the same time, we 
obtained this extension putting a' = 2. Therefore, it might be incomplete and 
one should seek for further extensions which will lead to graded antisymmetric 
forms {•,..., -j/i. We considered this particular extension just to give an example 
of what can happen at the higher orders in a'. 
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4 The Scalar Field 

In this section, we consider the scalar field with values in some reductive Lie 
algebra, coupled to the Yang- Mills field. We will show that the action for the 
resulting theory has also the homotopy Chern-Simons form and the equations 
of motion are equivalent to the generalized Maurer-Cartan equations in some 
extension of the Yang-Mills Loo algebra. 

4.1. The Scalar Field extension of the Yang-Mills complex. First of all, 
we will define an extension of the complex (.F„, Q), extending it by the elements 
corresponding to a scalar field, which is similar to the one considered in section 
3: 

e e 

— ^ ^l -^ nl — ^ 0, 

where K = A — m? is a Klein-Gordon operator. 

The explicit realization of this complex, extending the one given in subsection 
2.1. can be constructed as follows. Let us introduce an odd element di, an 
even element d2 and a grading operator Ng = di o^ — h 2^2 g^- Considering 
(j)a = dia(x) and V'b — d2h{x), where a(x), b{x) are Lie algebra valued functions, 
one can define an operator Q = 2Kd2-i^, ^^'^^ that 

Q(j)a = 2^Ka, Qi>h = 0. (64) 

Let us introduce the spaces /Cj elements of type ipa and /C^ elements of type ipb 
(the superscripts are given in accordance to the values of the grading operator). 

In this way, we get the complex {IC',Q): — > A^g — > /C^ ^ 0. Therefore, one 
can define a direct sum of the appropriate complex with the Yang-Mills one. 
Namely, we consider Q*°* = Q -I- Q in the complex 

0^2^:f^f^^Tlf'^T^,^^T!f^0 (65) 

such that 

Tlj^Tl(BJCl (*-l,2), 

Tij=T^, (j=0,3). (66) 

In this section, we will denote Q*"* as Q, N*"* = Ng+Ng as Ng, and the complex 
(|65p as {J-,,f,Q). In order to define the homotopy Chern-Simons action on the 
space of the above complex, we will also need an inner product which is invariant 
under the action of the differential. For two elements ^ = pu + 4>a + 4>a + V'w + 
V'6 + Xv and <!>' = pu' + 4>a' + 4>a' + V'w + V't' + Xv' , the pairing is given by: 

($,$') = /d^:r((A, W')(a:) + (W,A')(a:) - 

2{u{x), v'{x))k - 2{v{x),u'{x))k - {a{x) ,h' {x)) k - {b{x) , a' (x)) k ,(^7) 
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and we see that the direct sum in (p^ is orthogonal. It is easy to check that 
this product satisfies the properties from Proposition 2.1. 

4.2. The Loo algebra on the complex (jF^pQ). Now we will appropriately 
define the bilinear and trilinear operations on the space of the chain complex 

Definition 4.1. (i) The bilinear operation 

is defined by means of i2U\) and the following relations: 

[Pv,4>u]h ^'2(l>[v,u], [Pv,^l'u]h ^'2ll^[v,u], [(l>u,(t)v]h = '2tlj[u,dv] + [v,du] 
[</>«, V'f]/i = X[u,v], [4'u,4>A]h — 2V'*d*[A,«] + *[A,*dti]7 

[<^«, TpwU = 0, [0w, '0«]/i = 0. (69) 

(ii) The trilinear operation 

[; ; -U : ^f ® -^Z ® ^sf - ^1+^+'-' (70) 

is defined to be nonzero when all arguments belong to J-'^r and in addition to 
li20\) . the following relations hold: 



[4'u,4>v,4>a] —'2i^[u,[A,v]] + [v,[A,u]], [4'A,4>'B,4>v] — 2-0*[A,*[B,ti]] + *[B,*[A,i)]] • (71) 

In such a way, the following proposition takes place. 

Proposition 4.1. The extension of bilinear and trilinear operations given by 
the relations i69\} . |y_/[ ) provides that these operations satisfy the homotopy Lie 
algebra relations h21]) on the elements of the complex {T[,t,Q). 
Proof. As in Proposition 3.3, we start proving from the relation 

Q[ai,a2]h = [Qai,a2]h + (-l)""i [ai, Qa2]h. (72) 

Keeping in mind the fact that the relation ((2T|) for elements from (.F_, Q), we 
observe that the nontrivial cases are those when ai = p„, 02 = 0u and oi = (j^m 
02 = 4>v for some g-valued functions u and v. Consider the case when ai = p^, 

0.2 = 0«: 

[QPvAuih + [Pv,Q4>u]h = '^[4'dv,4>u]h + '^[Pv,i>d^di^u-m^u]h = 

4V'a''a,jD,u]-m2[i,,«] = Q[pvAu]h- (73) 

One can easily show that this relation also holds when oi = 0„, 02 = 4>v'- 

[Q4>u, (j}v]h — [(t'u,Q(t>v]h — 2['(/'a^af.„„m2„, (l)y]h — 2[(/)„, 4'd^at''V-m^v]h = 
'^X[^^'^^u,v]-[u,^^'^^v] = '2Qtp[u,d^v] + [v,df,u] = Qi't'u, Mh- (74) 

For all other values of 01,02, the relation ((72|) is either already checked (when 
01,02 G J-g) or trivial. Now, let's switch to the most interesting relation in 
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our algebra, the one which represents super- Jacobi identity that holds up to 
homotopy operator, namely 



1)""! ^"^[£11,02, QasJ/i + [ai, [a2,a3]h\h - [[«!, 02]/^, as] 



h — 
(-I)""i"»2[a2,[ai,a3],.];. = 0. (75) 

There are three nontrivial cases which are not yet verified: (i) oi = p„, 02 = 4>a, 
as = 4'v, (ii) oi = (jiu, 0,2 = 4>v, 03 = Pa, (iii) oi = </>„, 02 = 4>v, as = ^a- We 
will prove the relation ([75]) for all these cases, 
(i) Let's write down all the terms explicitly: 

[Pu, [0A,0-u]/i]/i = ~'^i^2[u,[a^,v,Ai^]] + \u,[v,dt^Ai_,]], 

[<^A, [Pm4iv\h]h = -'^i^2[d^,[u,v],Ai^] + [[u,v].,di^A^]- (76) 

Summing (|76p with the appropriate coefficients, we find that 

[Pm, [0a, 4>v\h]h - [[Pu, 4>A\h, 4>v\h - [4>A, [Pu, 4>v\h]h = 

-'^i'2[d^,u,[Ai^ ,v]]+2[d^u,[Af^ .v]] = -[4>2du,<l)A,4>v\h = -[Q Pu, 4>A, 4>v\h-(T^) 

(ii) Here 

[0n,0-u,QPo] = '^[4>u,4>v,4>da] = -4l/'[u,[t,,da]] + [t),[u,da]] , 

[0„, [(/'i,,Pa]] = 2[0i,,(/)[„^q]] = 4f/'[jj,d[u,a]] + [[?),a],d«], 

[01), [0M,Pa]] = 4V'[.u,d[n,a]] + [[«,a],dt;], 

[[0M,0u],Pa] = 4?/;[[„di.] + [t),dnl,a]- (78) 

Summing all terms, we find the desired relation: 

[0n,0-u,QPa]/i + [4>u, [4lv,Pa]h]h - [[4>u, 4>v\, Pa]h + [4>v , [0«,Pa]/i]/i = 0. (79) 

(iii) Similarly, we write down all terms in this case: 

[0n, [0u, 0a]/i]/j = 2X[„, a^JAf, «]] + [«, [ej,Af\i;]], (80) 

[01), [0m,0a]/i]/j = '^X[v ,a^[A^\u]] + [v ,[d^Ai^ ,u]], 

[[0u, 0i;]h, 0A]h = 2x[^M,[„,a^^]] + [AA',[i;,a^«]], 

(3[0„,0t,,0A]/i = 

'^X[d>^u,[v,A,,]] + [d>^v,[u,A,,]] + [d>^v,[u,A,,]] + [v,[a'-u,A,,]] + [u,[v,d>^A,,]] + [v,[u,d>^A,,]] 

and summing them, we find: 

Q[4>u,4>v,4>A\h + [011, [0i,,0A]/i]h - [[0ii,0i;]h,0A]/i + [01., [0u,0A]h]h = 0. (81) 



Thus the relation ((75)) is proven. The other relations are either trivial or easily 
follow from Jacobi identity. Proposition is proved. ■ 
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4.3. The generalized Maurer-Cartan, a homotopy Chern-Simons and 
the scalar field coupled to the Yang-Mills field. Now we are ready to 
relate the above construction of the homotopy Lie algebra to the theory of the 
coupled scalar and gauge fields. 

Proposition 4.2. The generalized Maurer-Cartan equation for the element 
$^^A = 0A + 4'i'p from the complex {J'^t, Q) gives the equation of motion in the 
theory of the scalar field ip coupled to the gauge field A. The gauge symmetries 
are given by the formula 

'^V,A -^ $¥>,A + ^{QPu + ['^v,A, Pu]h)- (82) 

Proof. The Maurer-Cartan equation for $m,a is 



2[*^,A,$^,A]h + ^, 



Q$V,A + 7;[^v,A, ^^,A]h + ^[*>p,A, ^v,A, ^v,A]h = 0. (83) 



Let us write down all terms depending on the scalar field: 

Q(t)iip = 2f/',;a^af<^_im2^, [(t>iip,(j)A]h — '^i^i2[At^,d^cp]+i[d''A^,ip]) 
['/'jV,0i¥',0A]h = -'04[v.[A,ip]]- (84) 



The contribution of the scalar field to the Maurer-Cartan equation ([83|l is of the 
following form: 



k^p + [^it^^Al/i + -^[(t)AAAAiv]h = 0, (85) 

*A + ■7;\4>A-,4>A]h + ■7rMA,4>A,4>A]h + 7^{\4>A-,4>iv, 't'iipV + [4>ip,4>iv]h) = 0. 



Therefore, the field equations we get are: 

d^d^V - mV + 2K, d^^] + [df^A^, ^] + [A^ [A^, ^]] = 0, 
V^i^'"'-[(^,a>] + [^,[A^^]]=0. (86) 

We find that these equations form a system of the classical equations of motion 
for the action: 



'>YMsf 



[^,A] = 



1 



d^x((V^^(a;)V^^(a;))K + m\p{x) , p{x)) k + -{F^u,F>"')k), (87) 

where V^ijO — df^^Lp + [A^, ^]. Thus the proposition is proved. I 

In order to rewrite the action for the scalar field coupled to the Yang-Mills field, 
one needs to define the multilinear forms {•, ..., -j/i on the complex {J'^t, Q) like 
we did it in the pure Yang-Mills case. We define them in the same way, using 
the inner product (j67p . Moreover, we have the following proposition. 
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Proposition 4.3. The multilinear products {•, ..., ■}h are graded antisymmetric 
w.r.t. the ghost number. 

Proof. We know that these multilinear forms are graded antisymmetric in the 
case of the pure Yang-Mills theory, i.e. for the complex {T„,Q). Therefore, we 
need to check that they are graded antisymmetric when one or more arguments 
belong to {K'^, Q). For the bilinear form, this is trivial, since it is equivalent to 
the Q-invariance of the inner product ([67)1 . Now, let us consider the case of the 
trilinear form. The only nontrivial relation we need to check is: 

{(t>u,4>A,4'v}h = {[(pu,4>A]h,<j>v) = 

{[4>u, 4>v]h, 4>a) = {(f>u, 4>v, 4>A}h (88) 

and the proof is straightforward: 

([4>u,4'v]h,4>A) = '2{'>P[u,dv] + [v,du], 4>a) = 

2ld''x{{[u{x),df,v{x)],A''{x))K + {Hx),df,u{x)lA^{x))K) = 

2 j d''x{{v{x),2[d^u{x),A^{x)] + [u{x),d^A^{x)])K) = 

([0u,0A]h,0.). (89) 

All other relations for the trilinear operation are just a simple consequence of 
the basic property of the invariant form on the reductive Lie algebra g. The 
last step is to check the graded antisymmetry of the quadrilinear form, and the 
only nontrivial case that we need to check is: 

{4>A, 4>u, 4'v,4'B}h = {[4'A,4'u,4'v]h, M = 

{[4'A,4'B,4'v]h, M = {(t>A, 4'B,4'v,4'u}h- (90) 

The proof is as follows: 

([<^A, 0n, 0.]h, 0b) = -2 / d"x{{[u{x), [v{x), A^{x)]],B^{x))k + 

{[v{x),[u{x),A^^{x)]IB^{x))k)^ 

-2 J d^xiiuix), [[vix),A'^ix)],B^ix)] + i[[vix),B^ix)],A,ix)])K) = 

{[(t>A,4'B,4>v]h,4>u)- (91) 

In this way, the proposition is proved. I 

Therefore, we can write down the homotopy Chern-Simons action for the Maurer- 
Cartan element (the element of ghost number equal to 1). Namely, the following 
proposition holds. 

Proposition 4.4. Let <I>(p.A = (f>A + 4'iip be the Maurer-Cartan element, i.e. 
the element of the ghost number equal to 1. Then the homotopy Chern-Simons 
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Shcs[%,a] = - 2 (*^,A, Q*^,a) (92) 

^{^^'■A, *v,A, $^,A}h - 7t{*v,A, $v,A, $<p,A, ^v'.AJh 



action 

1 
2 

-^{*^,A,*^,A,$^,A}h- J, 

is f/ie action of the scalar field if interacting with the gauge field A 

Remark. Now, we remind the reader that in order to obtain the BV Yang- 
Mills action, we considered the complex (TL^,Q) which was the tensor product 
of (jFg , Q) with an integer-graded Grassmann algebra. Then, substituting the 
Maurer-Cartan element of the resulting complex in the homotopy Chcrn-Simons 
action (HCS), one obtains the action of the BV Yang-Mills theory. In the same 
way, one obtains the BV action for the theory of the scalar field coupled to the 
gauge field. One should consider the tensor product of the complex (jF^pQ) 
with the integer-graded Grassmann algebra and consider the Maurer-Cartan 
element which would be of the form: 

^sf ^ Pu+ <Piv + 0A - ipiv' - ^A* - 1/2Xl:j* , (93) 

where the antifield of a scalar field ip* (x) is the field of ghost number equal to 
— 1. Then the corresponding BV action is the HCS action constructed by such 
an element: 

SHCsi'^sf] = SYMsf[ip,A]+2 fd^'xid^.uix) + [A^{x)io{x)],A*^'{x))K - 

{[cjix),uj{x)],u;*{x))K + i[i^ix),^ix)],^*ix))K). (94) 

5 The Dirac Fermion 

In this section, we consider another extension of the Yang-Mills homotopy al- 
gebra which is related to gauge fields coupled with the Dirac fermion. For 
simplicity, we consider the 4-dimensional case and follow the conventions about 
spinor fields from ^22]. The reductive Lie algebra g is assumed to be compact 
throughout this section. 

5.1. The extension of the Yang-Mills complex by the Dirac fermion. 
The corresponding extension of the complex is quite similar to the one we con- 
sidered in section 4: 

e e 

>-S,^^S, *-0, 

where Sg = iS (g) g, 5 is the space of 4-dimensional Dirac spinors and D = 
l^d^ + TO is the Dirac operator. The realization of this complex in a superspace 
is as follows. Let us consider the following objects: 

(j)^ = ei$(x), Vj) = e277(x), (95) 
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which are associated with the Dirac spinor fields ^(x) and r]{x) of fermion statis- 
tics. Here ei is even and 62 is odd. We consider the spaces T>^ and V^ spanned 
by the elements of type (j>^ and -0^ respectively. One can construct the differen- 
tial operator related to the Dirac one Q' = 2e2-^D. We get a chain complex 

{V-^,Q'): ^ P^ -5^ P2 ^ 0, QVe = SV'DC, where the grading operator 
is given by the expression N' = ei^ — V 2e2^. One can consider the chain 
complex 

^fnf ^fnf ^fnf 

(96) 



0- 


i 


/-jtot /-itot r\tot 
•'Df ' ■'Uf ' ■'Uf ' ■'Df 


that 




rof^Tl®Vl (* = 1,2), 



(97) 

and (5*°* = Q + Q'. As in the case of the scalar field, in this section we will 
denote Q*"* as Q, the total grading operator iV*°* = Ng + N' and the complex 
([96]) as {^Df, Q) ■ The Q-invariant inner product (in the sense of Proposition 
2.1.) on the complex (JF^^Q) can be defined in the following way. Let $ = 

Pu + 0A + 05 + ■0W + 'ipr, + Xv and $' = p„' + 0a' + 0{' + V'w' + ■0»)' + Xv- , the 
pairing is given by: 

($,$') = I d'^x{{A,W){x) + (W, A')(x) - 

2(u(x), v'{x))k - 2{v{x),u'{x))k + (^», 77'(a;))/f + [f]' {x) , ^{x)) k + 
{e{x),7j{x))K + ifi{x),e{x))K (98) 

such that the direct sum in ([97|) is orthogonal. 

5.2. The Loo algebra on the complex {^jjt, Q)- In this subsection, we will 
give explicit formulas for the extension of the Yang-Mills Loo algebra which will 
lead to the Lagrangian of the gauge field coupled to a Dirac fermion. First, we 
give the definition of the modified bilinear operation. 

Definition 5.1. The bilinear operation on the complex [J-j^pQ) 

[■rU-.y'hf^^hf^^Df (99) 

is defined by the relations \20jl and, in the case when one of the arguments 
belongs to the subcomplex {V' ,Q'), by 

[^A,^?] = 2V'j^_^j, [0^,0^] = -2V'(5^^), [05, V,,] = X[^,5]-[5,^], (100) 

[0A, ■0?] = 0, [tpw, 0^] = 0, [p„, 0^] = 20[„_J], [pu, tp^] = ^tpiu,^], 

where (C,??)^ = [^,'y'^v] + [^>7'^?] '^'^'^ A — j'^Afj,. 



20 



Remark. In contrast to the previous case of a scalar field, there is no need to 
modify the trilinear operation (it is related to the fact that the corresponding 
nonlinear field equation contains fermions only in the terms of the second order 
in fields (see below). 

The following proposition holds. 

Proposition 5.1. The bilinear operation from Definition 5.1. and the trilinear 

operation defined by I120\) satisfy the relations of the Loo algebra i21\) . 

Proof. First, we prove that Q acts as a derivation on the bracket [•, ■]h, namely 

Q[ai,a2]h = [Qai,a2]h + (-l)""! [ai, Qa2]h- (101) 

Let us take ai — pu, a2 = (f>^. Then 

[Qpu, 4'i]h + [pu,Q4'i]h = 2[pdu, 4'(,]h + 2[pu, (j)D^]h = 

Another nontrivial case is when ai ~ 4>^, a2 ~ (fin'- 

2X[,^,D5]-[W,';] + ^llD'n]-[D7iS = [Q'^C^'f] " [0^ Q0r,]. (103) 

Next, we check the homotopy Jacobi identity in the case when one of the argu- 
ments belongs to Vg . In this case, the homotopy Jacobi identity reduces to the 
usual one: 

[ai,[a2,a3]h]h - [[ai, a2]/i, asl/i - (-l)""i""" [a2, [oi, 03]^]^ = 0. (104) 

The only nontrivial case here is when ai = 4>a, 02 = 0^,^3 = 0j;- Let us write 
down each term separately: 

-[05, [0A,0„]h]h = '2X[l[A,„]] + [[A^,rj]n>^i]- (105) 

Summing all terms, we find that the Jacobi relation is satisfied. Thus, the 
proposition is proved. H 

5.3. The generalized Maurer-Cartan, a homotopy Chern-Simons and 
the Dirac fermion coupled to the gauge field. As in section 4, we write 
down the Generalized Maurer-Cartan equation in the case of the homotopy 
Lie algebra, we obtained in the previous subsection, and provide the physical 
interpretation. Namely, the following proposition holds. 

Proposition 5.2. Consider the Maurer-Cartan element $5, a = 0? + 4>a (the 
element of ghost number equal to 1) in the complex (J-'jjr,Q). The Generalized 
Maurer-Cartan equation for $5, a gives the equation of motion in the theory of 
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a Dime fermion field ^ eoupled with a gauge field A, and the gauge symmetries 
are given by the formula 

*e,A -^ *5.A + ^{QPu + [<^i,A, Pu]h)- (106) 

Proof. The Maurer-Cartan equation 

l9$5,A + 2[*e,A,$5.A];,. + ^[*c.A,$5,A,$c.A]h = (107) 

decomposes into two parts: 

Q0A + ■^[(l)A,<f>A]h + :7y[(?!'A,^A,(/'A]h + 21^4''/'?]'' = 0, 



-[cbA,(Pi]h = 0. (108) 

It is easy to check that equations (llOSp coincide with 

V^.F^'' = CVe, h^d^ + TO)e + [A, ^] = 0, (109) 

which precisely coincide with the equations of motion given by the action of the 
Dirac fermion coupled to the gauge field: 

SvMdf = j d^x{]^{F^,,FnK - 2{t {rd^ + m)OK - 2{t [A,^])k. (HO) 

Thus the proposition is proved. I 

In order to represent the action (I110|) in the homotopy Chern-Simons form, one 
has to generalize the multilinear forms {■, ...,-}hto our case. It is easy to see that 
these forms are also graded antisymmetric with respect to the ghost number. 
Therefore, one can write the HCS action for the Maurer-Cartan element <I>^.a 
and it is not hard to check that it coincides with (jllOp . 

As in the case of the scalar field, one can introduce the antifield for the 
Dirac fermion by means of a tensor product of the complex {Fuf, Q) with the 
integer-graded Grassmann algebra. Let us consider a Maurer-Cartan element 
(now this is an element of total ghost number equal to 1) and represent it in 
the form: ^of = Pu + 4'i + 't'A — "05* — V'A* — l/2xi^* (C* h^is the sense of the 
antifield). If one substitutes "^df into the HCS action, it is easy to see that it 
coincides with the BV action for the gauge field coupled to the Dirac fermion: 



SHCs[^df] = SvMdf + 2 J d^x{d^uj{x) + [A^{x)uJ{x)],A*^^{x))K - (HI) 
{[uj{x),oj{x)],u*{x))K + 2{\uj{x),C{x)],m)K + 2{[u:{x),ax)lC{x))K). 

6 Final Remarks 

In this paper, we considered the basic models of the Field Theory related to 
the nonabelian gauge theory, namely the models of fermion and scalar fields 
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interacting with Yang-Mills fields. We have shown that as it was in the case 
of the pure Yang-Mills theory, these actions can be represented in the homo- 
topy Chern-Simons form, such that the equations of motion are the generalized 
Maurer-Cartan equations for some homotopy Lie algebra. Moreover, the gauge 
transformations of these theories naturally emerged from the symmetry trans- 
formations of these Maurer-Cartan equations. 

The generalization to noncommutative field theories [25] is quite straight- 
forward: it is not hard to see that the noncommutative gauge theories can be 
expressed in the homotopy Chern-Simons form if one modifies a little bit the 
algebraic operations by means of the Moyal star. However, the gauge group 
should be U{N) due to the no-go theorem pS] . 

We also mention some attempts to obtain the (BV) YM action from the 
open SFT [28]- [30]. The connection with our formalism is not yet clear. 

Another important question is related to Gravity. The Zwiebach formula- 
tion of the closed String Field Theory via the Loo algebra on the closed string 
states suggests that there should be a formulation of the Einstein-Hilbert ac- 
tion (together with the Kalb-Ramond field and the dilaton) in terms of some 
homotopy Lie algebra on the space of fields. The problem is that in order to 
do this, one needs to expand the metric field G^^ around some flat metric r]^i, 
by means of some formal parameter: G^i^ — 77^^ -I- i/i^^ -I- t^s^i^ -|- ..., leading 
to the background dependence (due to nonuniqueness of such a choice of flat 
metric and formal parameter) of this construction. Nevertheless, in [2D], we 
made a few steps in this direction. The problem is that the structure of Gravity 
in this approach is much more complicated than that of the Yang-Mills and 
related field theories: the structure of operators at the second order, namely 
their relation to original expansion of metric field is quite mysterious. There is 
a bivertex operator (the corresponding "bivertex" field is hfj,pr]'"'hau)i depend- 
ing on the first order of expansion of the metric field. In papers [24], [20], we 
have found an explanation by using the conjectured relation to the conformal 
invariance condition of the sigma-model, however, there is no canonical way to 
continue this construction to all orders. Moreover, in these papers we found 
that in this approach the diffcomorphism symmetries of Gravity would have an 
algehroid-\i\ie structure. 

Another approach to Gravity can be related to the first order formulation of 
the string theory from [23] , [27] . There, we introduced the twistor-like variables 
for the metric field, B-field and dilaton. Then the symmetries are reduced to 
the holomorphic ones. We expect that this formulation can be very helpful with 
respect to our approach, since the first order sigma-model theory becomes free 
of some difficulties which are present in the usual one: there are no contact 
terms and the perturbation theory does not destroy the geometrical setting. 

We also mention that it will be interesting to find the relation of our for- 
malism with what is known as the unfolded dynamics approach, also leading 
to the Loo algebras, related to the geometric structures associated with higher 
spin theories (see [33], [34] and furher references therein). 

We will consider a part of problems sketched above in the forthcoming pa- 
pers. 
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